We construct multiple zeta functions considered as absolute tensor products of usual zeta functions. We establish Euler product expressions for triple zeta functions ζ(s, F r ) with p, q, r distinct primes, via multiple sine functions by using the signatured Poisson summation formula.
Introduction and Main Theorem
Let
be "zeta functions" expressed as regularized products in the notation of Deninger [D1] , [D2] , where m j : C → Z denotes the multiplicity function for j = 1, . . . , r. (Later we will specify "zeta functions" to be treated.) Then, as in the paper [K] we define the absolute tensor product Z 1 (s) ⊗ · · · ⊗ Z r (s) as The following result about the absolute tensor product of Hasse zeta functions is known: x n n k .
In this paper we treat ζ(s, F p ) ⊗ ζ(s, F q ) ⊗ ζ(s, F r ) when p, q, r are distinct primes. We prove the following theorem, which is similar to Theorem 1.1 (1) 
Triple Poisson Summation Formula with Signature
Definition 2.1. α ∈ R is said to be generic, if
where we put x := min{|x − n| : n ∈ Z} for x ∈ R.
Proof. Let α = a/b with a ∈ Z and b ∈ Z >0 . Then (bm)α = 0 for all m ∈ Z. Hence α is not generic. Proof. Since α, β are generic, nα −1 , nβ −1 = O(e εn ) as n → ∞ for any ε > 0. Since cot(πx) ∼ 1/(πx) (x → 0), cot(πnα) cot(πnβ) = O(e 2εn ) (n → ∞). Hence the radius of convergence of (2.1), say R, satisfies
Since ε > 0 is arbitary, R 1.
Lemma 2.5. Let n, m be positive integers and a, b be positive real numbers such that a/b is generic. Then, for any ε > 0 we have
Proof. For all n, m ∈ Z >0 we have
where [x] := max{k ∈ Z : k x}. Since a/b is generic, for any ε > 0 we have
These show the lemma.
For f ∈ L 1 (R), we denote by f the Fourier transform of f :
Let H(t) be an even regular function on {z = x + iy : x ∈ R, y ∈ (−R, R)}, which satisfies (i) and (ii):
Proof.
(1)Applying Cauchy's theorem to H(t)e itx , we have
where
Considering the limit T → ∞, (1) follows.
(2)Considering the same as (1), we have
Since tH(t) is an odd function, left side of (2.2) equals to 0. So , b, c) . Let D T be the region defined by
By Cauchy's theorem we have 4) where ρ k denotes the zeros of Z k (s) (k = a, b, c) , and the contour ∂D T is taken counterclockwise. Considering T → ∞ in (2.4), we have
We decompose ∂D = C 1 ∪ C 2 ∪ C 3 with C 1 := {s ∈ ∂D : Re(s) = −α},
We compute each triple integral
First we calculate I i 1 i 2 i 3 with (i 1 , i 2 , i 3 ) ∈ {1, 3} 3 .
for k = a, b, c and Re(s) > 0, (2.6) turns to
We replace t 3 with t = t 1 + t 2 + t 3 to get
and 9) which are introduced by Lemma 2.2, we calculate that
(2.10)
where Γ := {(n 1 , n 2 , n 3 ) ∈ (Z >0 ) 3 : the number of i such that n i = 0 is at most one}.
Similarly
(2.11) By (2.10) and (2.11) we have
By Lemma 2.6 and H(−x) = H(x), we have
(2.12)
Similarly we compute I 113 + I 331 , I 131 + I 313 and I 311 + I 133 :
13)
(2.14)
(2.15)
Considering the limit α → 0 in the sum of (2.12), (2.13), (2.14) and (2. 
and ζ(s) is the Riemann zeta function. Estimating |K j (α) − K j (0)| by using Lemma 2.5 and using H(x) µ x for some µ ∈(0,1), we have 
Next we calculate I i 1 i 2 i 3 with i 1 = 2, i 2 = 2 or i 3 = 2. Put Then we have
where ρ a , ρ b run through the zeros of Z a (s), Z b (s) with Im(ρ a ) > 0, Im(ρ b ) > 0, respectively. As α → 0, we have
We similarly deal with I (k) (k = 2, 3, . . . , 6) and I 222 to get 
We apply (2.19) and (2.27) to the limit α → 0 in (2.5). This completes the proof.
Expression of Triple Sine
We define the multiple Hurwitz zeta function due to Barnes as
for ω = (ω 1 , . . . , ω r ) ∈ (R >0 ) r , the multiple gamma and the multiple sine as
S 3 (z, ω) has a following expression ([KuKo] Proposition 2.4):
where P r (u) :
Proof. By 
Then the triple sine function has the following expression in Im(z) > 0:
Proof. By (3.1) we have
where C ω is a constant depending on ω.
Put
and
As H (0) = 2πi, by putting Hence I(t) satisfies the assumption of Lemma 3.2. By putting
By (3.12) we have
Comparing the coefficients of (3.15), we have
Next we will treat a by considering
The constant term of (3.16) is
On the other hand we will compute (3.16) by using (3.9). Putting
, we write (3.16) as 
A 4 is easily computed as 
